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Resumen

Se compararon diferentes ecuaciones de volumen y ahusamiento, evaluando en especial el uso de ecuaciones compatibles,
con el objetivo de ser utilizadas en inventarios forestales o sistemas de apoyo a la toma de decisiones. Utilizamos datos de 863
y 932 árboles correspondientes a las especies Pinus taeda y Eucalyptus grandis respectivamente, provenientes de planta-
ciones situadas en los departamentos de Rivera, Tacuarembó, Paysandú y Río Negro en Uruguay. En general, los rankings
de ecuaciones fueron consistentes para ambas especies; para la estimación de volúmenes las ecuaciones con mayor ajuste
fueron aquellas presentadas por Clutter et al. (1983) y Schumacher y Hall (1933) para P. taeda y E. grandis  respectivamente,
mientras que para la descripción de perfiles el modelo que mejor se ajustó fue la ecuación de exponente variable presentada
por Muhairwe (1999) y modificada por Methol (2001). La mejor ecuación de ahusamiento tipo compatible rankeó en posicio-
nes intermedias para ambas especies, representando igualmente una opción satisfactoria para aquellos productores fores-
tales que deseen usufructuar las ventajas de este tipo de ecuaciones.
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Summary

Ecuaciones de volumen y ahusamiento para P. taeda (L.) y E. grandis (Hill
ex. Maiden)

We compared several taper and volume equations with emphasis in testing the suitability of compatible taper equations, so that
they can be used in forest inventories or decision support systems. We used data from 863 and 932 trees of Pinus taeda and
Eucalyptus grandis respectively, collected from the Departments of Rivera, Tacuarembó, Paysandú, and Río Negro in
Uruguay. In general, rankings of the candidate models were consistent for both species. For volume estimation the most
accurate equations were the models presented by Clutter et al. (1983) and Schumacher and Hall (1933) for P. taeda and E.
grandis respectively, while for describing stem profiles the most accurate model was a variable exponent equation presented
by Muhairwe (1999) and modified by Methol (2001). The best compatible taper equation tested remained in an intermediate
ranking position, but represented a satisfactory option for foresters seeking to use the advantages of this class of equations.
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Introduction

Accurate taper and volume functions are essential tools
for forest management. They complement inventory infor-
mation intended to quantify volume stand production and
evaluate profitability. They are often associated with growth
and yield models and used for developing stand level volu-
me equations.

Individual volume functions estimate wood volume using
tree variables that are easy to measure such as diameter at
breast height (d) and total height (h). Volume functions have
been mostly formulated as linear or logarithmic combina-
tions of d and h (Clutter et al., 1983). Taper functions descri-
be changes in diameter under or over bark along the stem,
and hence they facilitate estimation of log assortments from
either inventories or model projections of inventories.  Seve-
ral different classes of equations have been used to describe
taper:  simple polynomial functions (Bruce et al., 1968; Gor-
don, 1983; Kozak et al., 1969), variable exponent functions
(Kozak, 1988; Muhairwe, 1999; Valentine and Gregoire,
2001; Westfall and Scott, 2010), trigonometric approaches
(Bi and Long, 2001; Thomas and Parresol, 1991) and spli-
ne functions (Koskela et al., 2006; Liu, 1980; Max and Bur-
khart, 1976). Compatible taper and volume equations have
the big advantage that both taper and volume equations com-
pute identical estimates of tree volume. The first formulation
was presented by Demaerschalk (1971, 1972) and since
then several authors have reformulated taper equations to
be combined with volume functions (Cao et al., 1980; Fang
et al., 1999; Jiang et al., 2005; Jordan et al., 2005).

In Uruguay there are only a few publicly available volume
and taper models, especially for the Pinus genus, and com-
patible taper and volume equations are not available. Leites
and Robinson (2004) fitted a segmented taper equation de-
veloped by Max and Burkhart (1976) augmented with crown
variables such as crown length and crown ratio (calculated
as the proportion of crown length with respect to total tree
height) for Northern P. taeda plantations. Methol (2001, 2003)
fitted a modified segmented equation by Max and Burkhart
(1976) to represent the stem profile for Eucalyptus grandis
and Eucalyptus globulus ssp globulus (Methol, 2006), while
Moras and Vallejos-Barra (2013) adjusted volume equatio-
ns for the latter species growing in the South of the country.

The objective of this study is to fit taper and volume equa-
tions for Pinus taeda and Eucalyptus grandis, with special
emphasis in testing the suitability of compatible taper equa-
tions for plantations of the Northern and Western regions of
Uruguay.

Methods

Data from 863 and 932 trees from P. taeda and E. gran-
dis respectively, collected by private companies and the
National Institute of Agricultural Research (INIA) from the
Departments of Rivera, Tacuarembó, Paysandú, and Río
Negro for inventory and research purposes were used. They
included measurements of total height (h) and diameter breast
height (d) for each tree, as well as diameters under bark (di)
for every one metre from the stump height to the tip. Part of
the E. grandis dataset also included measures of diameters
between 0.6 and 0.7m of height. Total volume under bark (v)
was calculated for each section using Smalian’s formula
and summating all sections to the tip.

The large dataset available enabled cross-validation for
fitting taper and volume equations; hence datasets for taper
and volume were randomly split in half for both species. A
summary of both datasets (modelling and validation) for each
species is given in Tables 1 and 2.

Methods included the following stages: screening, fitting
and comparison of equations using the modelling datasets,
and testing of equations using the validation dataset. Within
the first stage, five linear and non-linear equations were eva-
luated for volume (Table 3), whereas six equations were
tested for taper (Table 4). For the latter group, equations
were selected in order to explore a range of approaches
including simple taper models such as the model proposed
by Ormerod (1973), a sigmoidal approach based in the von
Bertalanffy-Richards model proposed by Biging (1984), the
segmented polynomial equation developed by Max and
Burkhart (1976), a variable-exponent taper equation propo-
sed by Kozak (2004), a variation of Muhairwe (1999) equa-
tion proposed by Methol (2001), and finally a compatible
polynomial taper equation as utilised by Goulding and
Murray (1976).

The procedure followed to construct the compatible poly-
nomial taper equations was basically the same proposed by
Demaerschalk (1971, 1972) and extended by Goulding and
Murray (1976):

Notation:                ݖ =  ℎ−ℎ݅ℎ ,    ݇ = 40000ߨ  ݕ   ,  =  ݇݀݅ 2ℎݒ  

Where hi s height corresponding to any  di diameter, and
v is the volume estimate achieved by using the selected
volume function.
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Table 1. Characteristics of datasets for modelling and validating taper and volume for Pinus taeda.

Table 2. Characteristics of datasets for modelling and validating taper and volume for Eucalyptus grandis.

Variable                                          Volume dataset                            Taper dataset
                                             Modelling   Validation      Modelling       Validation

Number of trees 455 408 - -
Number of total measurements - - 4014 4072
Age (years)
Mean 8.0 8.0 9.6 9.7
Maximum 26.0 27.0  27.0 27.0
Minimum 3.0 3.0 3.0 3.0
D (cm)
Mean 20.4 20.3  23.2 23.2
Maximum 53.4 57.0  57.0 57.0
Minimum 6.40 6.00  6.40 6.00
Standard deviation 7.63 7.47 8.35 8.54
H (m)
Mean 11.6 11.5 13.2 13.3
Maximum 26.9 26.8 27.0 27.0
Minimum 4.00 4.20 4.00 4.00
Standard deviation 4.26 4.27 4.63 4.71
Total volume under bark(m3)
Mean 0.20 0.20 - -
Maximum 1.79 2.51 - -
Minimum 0.007 0.007 - -
Standard deviation 0.26 0.28 - -

Variable                                              Volume dataset                         Taper dataset
        Modelling  Validation      Modelling         Validation

Number of trees 439 493 - -
Number of total measurements - - 10166 10106
Age (years)
Mean 9.00 9.20 10.0 10.0
Maximum 23.0 23.0 23.0 23.0
Minimum 2.00 2.00 2.00 2.00
D (cm)
Mean 23.8 23.2 25.3 25.3
Maximum 50.4 52.3 52.3 52.3
Minimum 6.10 6.30 6.10 6.10
Standard deviation 8.34 8.35 8.35 8.35
H (m)
Mean 25.1 24.7 26.5 26.6
Maximum 47.2 47.2 47.2 47.2
Minimum 6.50 6.70 6.50 6.50
Standard deviation 4.63 4.63 4.63 4.63
Total volume under bark(m3)
Mean 0.56 0.53 - -
Maximum 3.42 3.43 - -
Minimum 0.009 0.01 - -
Standard deviation 0.56 0.53 - -

 Volume and taper equations
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Then,

Table 3.  Volume equations tested.
Equation  Reference       Eq. number ݒ =  ܾ0  +  ܾ1 ݀2ℎ  Spurr (1954) (1) ݒ =  ܾ0  +  ܾ1 ݀2ℎ + ܾ2ℎ  - (2) 

ݒ  =  ܾ0  +   ܾ1 ݀2ℎ +  ܾ2ℎ + ܾ3݀2 Clutter et al. (1983) (3) 
= ݒ   ݀2/ (ܾ0 + 1ܾ /ℎ)  Honer  (1967) (4) 
= ݒ    1ܾ ܾ݀2  ℎ ܾ3   Schumacher and Hall (1933) (5) 
 

(7)

Given that:݅ݒ = ݇ න ݀݅ 2ℎ
0  ݀ℎ݅  (8)

Substituting equation (7) into equation (8) gives:

݅ݒ = ݇ න ℎݒ݇ ቈ2ܾ1 ൬ℎ − ℎ݅ℎ ൰ + 3ܾ2 ൬ℎ − ℎ݅ℎ ൰2 +. . . + (݅ + 1)ܾ݅ ൬ℎ − ℎ݅ℎ ൰݅ℎ
0 ݀ℎ݅  

Integrating the equation and observing that h=hi for total
volume, then݅ݒ = 1ܾ) ݒ + ܾ2+. . . + ܾ݅) 

Therefore, utilizing the restriction (b1+b2+...+bi) = 1 achie-
ves compatibility.

Equation 11 represents the generic form of the compati-
ble taper equation. The final form of the equation was chosen
by comparing several forms using up to seven parameters
raised from the first to the seventh power (Table 5).

All the models (corresponding to taper and volume) were
fitted using ordinary least squares (OLS), and compared
with the following statistics: the root of mean squared error
(RMSE) as a measure of precision, mean absolute bias
(MAB) as a measure of bias (Kozak, 2004), and model

efficiency (EF) (Pinjuv et al., 2006). These were calculated
as it follows:

(9)

(10)

(23)

(24)

(25)

Where:
N = number of observations,  Y = observed value, and

Y’ = expected value,  Y = overall mean
The prediction statistics specify how well the model esti-

mates diameter under bark, as opposed to the fitting statis-
tics which indicate how well the models adjust to the data
used in its development (Muhairwe, 1999). All four fitting
statistics were calculated, ranked and an overall rank for
each model was calculated by summing up the rank values
for all the statistics. Models with the lowest rank were selec-
ted. These steps were repeated for the prediction statistics
using the validation dataset in order to verify the choice of the
best model. Plots of residuals versus predicted values, as
well as versus dependent and independent variables, were
examined for detecting bias. In addition, predicted versus
observed values were plotted to compare the actual slope
with the ideal slope of 1 (Goulding, 1979), and 95 % confi-
dence intervals were assessed.

RMSE =√ ∑ (Y - Y  )2

N

MAB =
∑ ( Y - Y   )

N

EF = 1-
∑ (Y - Y  )2

∑ (Y - Y )2

Rachid Casnati C, Mason Euan G, Woollons R, Resquin F

(6)
Letting

´

´

´

di
2 =        (2b1z + 3b2z2 +...+ (i + 1) bizi)ν

kh

y= 2b1z + 3b2z2 +... + (i + 1)bizi
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                          Equation    Reference   Eq. number 

       ݀݅ 2 = ℎݒ݇ ቀ(݅ + 1) iܾz݅ቁ 

Goulding and 
Murray (1976) 

 
 

݀݅  =  ܾ1݀ ൬ ℎ − ℎ݅ℎ − 1.3൰ ܾ2
 

Ormerod (1973) 
   

݀݅ =  ݀  ܾ1 + ܾ2log ൭1 − ܺ 1ܾ3 ቆ1 −  ݁−ܾ1ܾ2 ቇ൱൩ 

With  ܺ = ℎℎ݅  
 

Biging (1984) 
 
 
 

 

݀݅ =   ݀ ሾܾ1(ܺ − 1) + ܾ2(ܺ2 − 1) + ܾ3(ܽ1 − 1ܫ2(ܺ + ܾ4(ܽ2 −  2ሿ0.5ܫ2(ܺ
 
With ܫi = 1  if ܽi ≥ ܺ,  otherwise  ܫi = 0 

Max and Burkhart 
(1976) 

 
  

 

݀݅ =   ܽ0݀ ܽ1  ܽ2݀  ൣ1 − √ܺ൧ܥ  
 
 With 
ܥ  = ܾ1 log(ܺ + 0.001) + ܾ2݁ ܺ + ܾ3 ℎ݀ + ܾ4 log(݀) + ܾ5 ℎඥℎ݅ + ܾ6 ݀/ℎℎ݅  
 

Muhairwe (1999) 
modified by Methol 

(2001) 

 

݀݅  =  (ܽ0݀ܽ1 ℎܽ2 ܥ݉ (  
 
With 
ܥ  =  ܾ1ܺ4 + ܾ2 ቀ 1݁ ݀/ℎ ቁ + ܾ3݉0.1 + ܾ4 1݀ +ܾ5ℎ൫1−ܺ1/3൯ + ܾ6݉ 
and 
  ݉ = 1 − ܺ1/31 − ቀ1.3ℎ ቁ1/3  

Kozak (2004)  

Table  4.  Taper equations tested.

(11)

(12)

(13)

(14)

(15)

(16)

Results

Table 6 shows a summary of the fitting statistics and their
rank as well as overall ranks of volume equations for both
species. Although differences between the statistics for all
the candidate equations are small, model 5 ranked first for
both species. Although equation 3 ranked second, it gave
better residuals’ distributions and was selected ahead of model
(5). For E. grandis the selected equation was eq. 5. Bias
indicated by the residual analysis was minimal for both spe-
cies (not shown).

For P. taeda, plots of predicted versus observed values
(Figure 1) for the selected equation (eq. 3) showed that the
slope was slightly different from 1. This was confirmed by
the confidence interval calculated, which ranged from 1.034
to 1.051. For the volume equation selected for E. grandis
(eq. 5), predicted and observed values were closer; the
95 % confidence interval ranged from 0.99 and 1.00.

Volume and taper equations

Reference
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The prediction statistics generally showed higher degrees
of bias and lower precision than the statistics of fitting, which
was expected due to the former being calculated with inde-
pendent data. However, the ranks were very similar, with
small differences between models, and the best equation for
each species was confirmed.

The best compatible taper equation for both species com-
prised a five parameter form with exponents raised from the
third to the seventh power (Table 7), but with the linear and
quadratic terms excluded. Equations 19 and 22 consistently
ranked in the first and second place for both species whe-
reas the rest of the equations varied in position. Equation 18
yielded inconsistent values for P.taeda and was excluded
from further analysis.

 Table 5.  Compatible taper equations tested.
Equation Number ݀݅ 2 = ℎݒ݇ ሺ2 1ܾݖ + 2ݖ2ܾ 3 + 3ݖ3ܾ 4 + 4ݖ4ܾ 5 +  5ሻݖ5ܾ 6

 
(17) ݀݅ 2 = ℎݒ݇ ሺ2 1ܾݖ + 2ݖ2ܾ 3 + 3ݖ3ܾ 4 + 4ݖ4ܾ 5 + 5ݖ5ܾ 6 +  6ሻݖ6ܾ 7

 
 (18) ݀݅ 2 = ℎݒ݇ ሺ3 ܾ22ݖ + 3ݖ3ܾ 4 + 4ݖ4ܾ 5 + 5ݖ5ܾ 6 +  6ሻݖ6ܾ 7

 
 (19) ݀݅ 2 = ℎݒ݇ ሺ4 ܾ33ݖ + 4ݖ4ܾ 5 +  5ሻݖ5ܾ 6

 
 (20) ݀݅ 2 = ℎݒ݇ ሺ4 ܾ33ݖ + 4ݖ4ܾ 5 + 5ݖ5ܾ 6 +  6ሻݖ6ܾ 7

 
 (21) ݀݅ 2 = ℎݒ݇ ሺ4 ܾ33ݖ + 4ݖ4ܾ 5 + 5ݖ5ܾ 6 + 6ݖ6ܾ 7 +  7ሻ  (22)ݖ7ܾ 8

Table 6.  Statistics of fit of the volume equations tested for the studied species and their rank position
(in brackets).

Species Equation RMSE MAB EF Overall rank 

P. taeda 

1 0.0242 (4) 0.0126 (2) 0.991 (4) 3  
2 0.0237 (3) 0.0132 (4) 0.991 (4) 4  
3 0.0211 (2) 0.0131 (3) 0.993 (2) 2 
4 0.0237 (3) 0.0134 (5) 0.992 (3) 4  
5 0.0198 (1) 0.0125 (1) 0.994 (1) 1  

E.grandis 

1 0.0471 (4) 0.0287 (4) 0.993 (2) 4 
2 0.0446 (3) 0.0270 (3) 0.994 (1) 3  
3 0.0432 (2) 0.0260 (2)  0.994 (1) 2 
4 0.0483 (5) 0.0293 (4) 0.993 (2) 5 
5 0.0422 (1) 0.0245 (1) 0.994 (1) 1 

Rachid Casnati C, Mason Euan G. Woollons R, Resquin F
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Figure 1.  Observed independent values versus predicted values with the fitted regression line (dotted) and the (0, 1) line
(continued), for volume under bark for Pinus taeda (a), and Eucalyptus grandis (b, overlaid).

              Species Equation RMSE MAB EF Overall rank 

P. taeda 

17 1.2396 (5) 0.9141 (5) 0.975 (4) 5 
19 1.1628 (2) 0.8734 (2) 0.978 (2) 2 
20 1.1696 (3) 0.8922 (3) 0.978 (2) 3 

21 1.2056 (4) 0.8943 (4) 0.977 (3) 4 
22 1.1323 (1) 0.8512 (1) 0.980 (1) 1 

E.grandis 

17 1.0064 (3) 0.7581 (3) 0.986 (3) 3 
18 1.0262 (4) 0.7641 (4) 0.986 (3)  4 
19 0.9251 (2) 0.6984 (2) 0.988 (2) 2 

20 1.2805 (6) 0.7581 (3) 0.978 (5) 5 
21 1.2304 (5) 0.9274 (5) 0.979 (4) 5 
22 0.8937 (1) 0.6747 (1) 0.989 (1) 1 
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Table 7.  Statistics of fit of compatible taper equations fitted for P. taeda and E. grandis and their ranking
position (in brackets) for the variable di (diameter under bark).

Taper models fitted for P.taeda and E.grandis, are com-
pared in Table 8. The top ranked equations were consistent
for both species with the exception of equation 16 which
ranked second for P. taeda but showed an inferior perfor-
mance for E. grandis. Equation 15 ranked first, whereas the
compatible equation (22) ranked slightly worse than the seg-

mented equation (14). Equation 12 showed the worst perfor-
mance for both species. Equations 14, 15, and 22 were
selected for further analysis while eq. 16 was excluded (in
spite of its good performance for P. taeda) in order to com-
pare different modelling strategies (eq. 16 is a variable-ex-
ponent taper equation as well as eq. 15)

Volume and taper equations
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Table 8 Statistics of fit of taper equations tested for P. taeda and E. grandis and their ranking position (in
brackets) for the variable di (diameter under bark).

Species Equation RMSE MAB EF Overall rank 

P.taeda 

22 1.1323 (4) 0.8512 (4) 0.980 (4) 4 
12 1.4710 (6) 1.1320 (6) 0.966 (6) 6 
13 1.2920 (5) 0.9838 (5) 0.973 (5) 5  

14 1.1010 (3) 0.8208 (3) 0.981 (3) 3 
15 0.9495 (1) 0.7281 (1) 0.986 (1) 1 
16 1.0810 (2) 0.8205 (2) 0.982 (2) 2 

E.grandis 

22 0.8937 (3) 0.6747 (3) 0.989 (2) 3 
12 1.0570 (6) 0.7738 (5) 0.985 (4) 6 
13 0.9542 (4) 0.7194 (4) 0.988 (3) 4 
14 0.8778 (2) 0.6642 (2) 0.989 (2) 2 
15 0.7866 (1) 0.5901(1) 0.992 (1) 1 
16 0.9927 (5) 0.7526 (5) 0.989 (2) 5 

Residuals of the three selected models plotted against
predicted values, and relative height are depicted in Figures
2 and 3. Residuals against d were also plotted but are not
shown. For P. taeda’s sectional diameter (di), equations 15
and 22 showed the smallest bias. However, large trees
were scarce in the dataset and a small bias was observed
for di larger than 40 cm. Moreover, equation 22 showed
some bias across the range of diameter breast height, over-
estimating small trees and underestimating larger diame-
ters. For relative height, on the other hand, minimal bias was
found for both equations.

For E. grandis, eq. 15 presented minimal bias in general
while equation 14 showed a tendency to overestimate va-
lues of diameter under bark greater than 30 cm as well as
trees with large d (greater than 40 cm). Equation 22 tended
to underestimate di at the tip of the tree, but did not show bias
with respect to diameter breast height as presented for P.
taeda.

The statistics of prediction developed with the validation
dataset showed similar ranks to the fitting statistics. The re-
sidual plots obtained using the validation datasets were exa-
mined and presented the same tendencies observed for the
fitting residuals.

Analysis of  plots of observed versus predicted values
for the compatible taper equation  (eq. 22) indicated that for

P. taeda a slope slightly less from 1, with 95 % confidence
interval ranging from 0.961 and 0.969. For E. grandis the
range included the value 1 for this equation: from 0.999 to
1.003 thus indicating an excellent fit. Plots of predicted ver-
sus observed for the compatible taper equations are depic-
ted in Figure 4.

Average tree profiles using independent data and predic-
tions using equations 15 and 22 suggest reasonable repre-
sentation of taper for the species studied (Figure 5).

Finally, the parameter estimates for all the fitted volume
and taper equations are depicted in Tables 9 and 10.

Discussion

In general, differences between the different models’ fitting
statistics were greater for P. taeda than for E. grandis. In the
case of taper equations, simpler models performed worse
than more complex models.

The Clutter et al. (1983) and the Schumacher and Hall
(1933) equations were the best models for estimating volu-
me for P. taeda and E. grandis respectively; however the
differences between volume equations were small. Although
the selected equations exhibited minimal bias, a big majority
of the data for P. taeda represents volumes smaller than
1 m3, hence predictions beyond 1.5 m3 should be treated
with caution.

Rachid Casnati C, Mason Euan G. Woollons R, Resquin F
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Figure 2.  Residuals against diameter under bark predicted, and relative height with locally
weighted scatterplot smoothing (lowess) for P. taeda corresponding to equations: 15 (a), 14 (b),
and 22 (c) using the modelling dataset.

Figure 3.  Residuals against predicted sectional diameter under bark, and relative height with locally
weighted scatterplot smoothing (lowess) for E. grandis corresponding to equations: 15 (a), 14 (b),
and 22 (c) using the modelling dataset.
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Figure 4.  Observed independent values of di versus predicted values for equation 22 with the fitted regression line (dotted) and
the (0.1) line (continued), for diameter under bark for Pinus taeda (a), and Eucalyptus grandis (b, overlaid).
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Figure 5.   Average line (lowess) of independent observed values (grey line), and predicted values using equations 15
(continued line), and 22 (dashed line) for P. taeda (a) and E. grandis (b).
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Table 9.  Parameters estimates of the volume equations fitted for P. taeda and E. grandis.

Rachid Casnati C, Mason Euan G. Woollons R, Resquin F

Species Equation ࢈ ࢈ ࢈ ࢈ 

P. taeda 
1 0.002328 0.00002912 - - 
2 -0.0157 0.00002829 0.002058 - 

3 -0.0047 0.00003388 0.003710 -0.0001449 
4 -137.58 36938.21 - - 
5 - 0.00002837 1.755 1.308 

E. grandis 
1 0.01482 0.00002974 - - 
2 -0.05701 0.00002852 0.003766 - 
3 -0.03228 0.00003132 0.003699 -0.0001188 

4 6.054 32967.164 - - 
5 - 0.00003242 1.804 1.178 
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Species Eq. ࢇ ࢇ ࢇ ࢈ ࢈ ࢈ ࢈ ࢈ ࢈ ࢈ૠ 

P.taeda 
22 - - - - - 9.835 -33.258 56.752 -48.262 15.933 
12 - - - 0.928027 0.832407 - - - - - 
13 - - - 1.02755 0.93443 1.28321 - - - - 
14 - 0.560245 0.095326 -2.985498 1.511906 -2.052886 41.793622 - - - 
15 2.6479678 0.7889123 1.0055376 -0.3664782 0.5185238 0.2192664 -0.3055746 0.0523507 0.0086633  
16 0.764479 0.989266 0.079908 8.187748 -6.550314 -2.772829 24.505637 0.002694 6.149108 - 

E.grandis 
22 - - - - - 19.3731 -73.6115 121.9036 -95.4415 28.7763 
12 - - - 0.9525137 0.7400322 - - - - - 

13 - - - 1.061596 0.458419 2.036848 - - - - 
14 - 0.782271 0.046413 -3.656469 1.789581 -1.573512 139.637643 - - - 

15 1.3720045 0.9948877 1.0008304 -0.1865372 0.2835609 0.2939950 -0.1521256 0.0382399 -0.0326007 - 
16 0.950084 0.992462 0.011674 5.505428 -4.093035 -1.334289 16.674367 0.021479 5.068788 - 

Table 10. Parameters estimates of the taper equations fitted for P. taeda and E. grandis.

Results for the taper equations fitted for both species indi-
cated that equation 15 is the most precise and least biased of
the six equations studied for estimating sectional diameter.
This modification of the Muhairwe’s variable exponent mo-
del proposed by Methol (2001), was developed for estima-
ting diameter under and over bark for Pinus radiata planta-
tions in New Zealand and diameter over bark for Eucalyptus
grandis in Uruguay by Methol (2001) showing comparati-
vely good estimations over 20 models.  The original model
was developed and fitted for E. pilularis and E. grandis
(Muhairwe, 1999) and excelled amongst other equations
but it was not so effective in studies involving other species
(Rojo et al., 2005). In spite of its good performance, this
variable exponent equation presents some disadvantages:
(i) it is a complex model which involves nine parameters, (ii)
for calculating volume, predicted diameters under bark the
function must be numerically integrated, and (iii) merchanta-
ble height for any desired diameter cannot be calculated
(Muhairwe, 1999).

Equation 14 ranked second and third for E. grandis and
P. taeda respectively and precision and bias values were
closer to the values corresponding to the compatible equa-
tion than the ones corresponding to the eq. 15. This model
developed by Max and Burkhart (1976), originally for P.
taeda, has been fitted to several species (Alegria and Tomé,
2011; Brooks et al., 2008; Figueiredo-Filho et al., 1996; Jiang
et al., 2005; Rojo et al., 2005; Souza et al., 2008), and used
as a reference to compare new equations (Cao et al., 1980;
Muhairwe, 1999). Methol (2001), observed bias for the dia-
meters predicted with respect to d for this species and pro-
posed a modification of this equation. This particular problem
was studied and small bias was observed for trees larger
than 40 cm for both species. Moreover, overestimation of
large di was found for both species but especially pronoun-
ced for E. grandis.

This equation can be integrated to yield volume to any
height (Brooks et al., 2007, 2008), and it can also estimate
height to any desired diameter. However, it has the disad-
vantage that it is not compatible with estimations obtained
through volume equations.

Equation 22 based on the polynomial compatible taper
equation proposed by Goulding and Murray (1976) remai-
ned in intermediate positions in the ranks for both species. It
has been suggested that this model does not represent the
basal portion of the stem well in species with strong but-
tswell. Gordon (1983) pointed out that the original five-para-
meter equation proposed by Goulding and Murray misre-
presents the butt log region and also overestimates diame-
ter at the tip in Pinus radiata, hence he suggested including
an additional term well beyond the fifth degree to improve
estimation. Muhairwe (1999) tested two models varying the
higher terms but still found some bias for large d trees (lar-
ger than 60 cm) and for tips of all trees in Eucalyptus gran-
dis and Eucalyptus pilularis. In this study, inclusion of a
term raised up to the sixth and the seventh power, but exclu-
ding the first and second lower terms, exhibited minimal
bias of diameter under bark estimates for P. taeda, although
some bias with respect to diameter breast height was found.
Although the slope of predicted versus observed values for
this species differed from one, the average profile predicted
shows very small variation with respect to the average of
observations and with respect to the average of the best
equation.

For E.grandis, the equation slightly underestimated di
values on the tip beyond 85 % of height. Practically, this
problem would have very minor implications for assessing
wood products to commercial heights up to 4 to 6 cm of di.
In general, equation 2.22 showed better fit for this species
than for P. taeda.

Volume and taper equations
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V [ 9.835 (    ) - 33.258 (    ) + 56.752 (    ) - 48.262 (    ) + 15.933 (    ) ]

Goulding and Murray (1976), show that fitted compatible
equations can also be used to estimate merchantable volu-

mes, which is one of the major advantages of this equation.
The expressions for P. taeda and E. grandis based on the
equation 22 are as follows:

  (26)

  (27)

Rachid Casnati C, Mason Euan G. Woollons R, Resquin F

h - hi

Vmt =

h
4 h - hi

h

5 h - hi

h

6 h - hi

h
h - hi

h

7 8

Vgm =

C = -0.3664782log(X+0.001) + 0.5185238eX + 0.2192664 ⎯ -0.3055746log(d) + 0.0523507 ⎯

+ 0.0086633 ⎯

Where
vmt and vmg is merchantable volume for P. taeda and E.

grandis respectively to any hi.
Although the fitted models cover a wide range of tree si-

zes, additional data from trees larger than 45 cm of d are
required for both species in order to fit models for a wider d
span, especially for sizes near clear-cut age for sawmilling
purposes. A better description of the butt log of P. taeda is also
needed to improve quality of data and models. In this sense,
additional measures at 0.6 to 0.7m of height (Whyte, 1971)
are recommended.

Conclusions

The equations recommended for estimating total volume
for P. taeda and E. grandis are Clutter et al. (1983) (eq. 3)
and Schumacher and Hall equation (eq. 5) respectively. For
the former species the prediction error is 12.2 % while for the

latter is 7.4 %. It is also recommended to use these equations
between the ranges of 0.007-1.5 and 0.009-3.4 m3 for P. taeda
and E. grandis respectively.

 The expressions are as follows:

Where:
 vt and vg = total volume for P. taeda and E. grandis

respectively, and other variables as previously defined.
The variable-exponent equation (eq. 15) was the best

equation for estimating diameter at any desired height with
the lowest prediction errors of 6.7 % and 5.4 % for P. taeda
and E. grandis respectively offering comparatively better
estimates. The equation can be used between the d ranges
of: 12 to 55 cm for P. taeda, and 7 to 50 cm for E. grandis.
The expressions for each species are as follows:

 With

ݐݒ =  −0.0047 +  0.00003388 ݀2ℎ +  0.00371ℎ −0.0001449݀2 ݒ݃   =  0.00003242 ݀1.804 ℎ1.178  

dti = 2.6479678d0.78891231.0055376d [1⎯√X]c

dgi = 1.3720045d0.99488771.0008304d [1⎯√X]

d

h
h

√ hi

hi

d/h

c

V [ 19.3731 (     ) - 73.6115 (     ) + 121.9036 (     ) - 95.4415 (     ) + 28.7763 (     ) ]h - hi

h
4 h - hi
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−0.1865372 logሺܺ + 0.001ሻ + 0.2835609݁ܺ + 0.293995 ℎ݀ − 0.1521256 logሺ݀ሻ + 0.0382399 ℎඥℎ݅ −0.0326007 ݀ /ℎℎ݅  

C =

Where:
 dti and dgi = diameter at any height for P. taeda and E.

grandis respectively, X = hi/h , and other variables as pre-
viously defined.

Based on prediction statistics the compatible taper equa-
tion (eq. 22) did not perform quite as well as eq. 15 but
because of the advantages of (a) simplicity, (b) compatibility,
and (c) relatively small differences with respect to bias and
precision with the equation 15, the compatible taper equation

can be used for forecasting systems and inventory with
some restrictions for P. taeda. This equation should be used
within the d ranges of 12 to 40 cm for P. taeda and 7 to 50 cm
for E. grandis, and volume ranges as specified for the volu-
me equations. The prediction errors are 8.00 % and 6.18%
in diameter under bark estimations for P. taeda and E. gran-
dis respectively.  The expressions for each species are as
follows:

݅ݐ݀ 2 = ℎ݇ݐݒ ሺ39.343ݖ − 4ݖ166.29 + 5ݖ340.512 − 6ݖ337.834 +  7ሻݖ127.464

Where:
dti and dgi = diameter at any height for P. taeda and E.

grandis respectively, and other variables and constants as
previously defined.
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